Integrable systems are usually given in terms of functions of continuous variables (on R), functions of discrete variables (on Z) and recently in terms of functions of q-variables (on K q ). We formulate the Gel'fand-Dikii (GD) formalism on time scales by using the delta differentiation operator and find more general integrable nonlinear evolutionary equations. In particular they yield integrable equations over integers (difference equations) and over q-numbers (q-difference equations). We formulate the GD formalism also in terms of shift operators for all regular-discrete time scales. We give a method to construct the recursion operators for integrable systems on time scales. Finally, we give a trace formula on time scales and then construct infinitely many conserved quantities (Casimirs) of the integrable systems on time scales.
Introduction
Integrable systems are well studied and well understood in 1 + 1 dimensions [1] . Here one of the dimensions denotes the time (evolution) variable and the other one denotes the space variable which is usually taken as continuous. There are also important examples where this variable takes values in Z, i.e., discrete values. In both cases the Gel'fand-Dikii (GD) approach is quite effective. One can generate hierarchies of integrable evolution equations, both on R and on Z (see [2] for GD applications and related references). In addition one can construct the conserved quantities, Hamilton operators, and recursion operators. Investigation of integrable systems on q-discrete intervals started in [3] - [5] . They considered GD formalism on K q and found q-integrable hierarchies including the q-KdV equation.
In this work we extend the Gel'fand-Dikii approach to time scales where R, Z, and K q are special cases. In the next section we give a brief review of time scales. See the references [6] - [12] for a more detailed review of the subject . In GD formalism, in obtaining integrable systems the essential tools are the differential and shift operators and their inverses. For this purpose we give necessary means, in the sequel, to construct the algebra of pseudo ∆-differential operators and develop the corresponding GD formulation. In Section 3 we assume ∆-differential Lax operators and derive the ∆-Burgers hierarchy with its recursion operator. We present special cases of the Burgers equation for T = hZ and T = K q . In Section 4, we consider the regular time scales where the inverse of jump operators can be defined. Here we assume a pseudo ∆-differential algebra and give the corresponding GD formulation. As an example we present a ∆-KdV hierarchy. We first find n = 1 member of the hierarchy and write out it explicitly for T = R, Z, K q and for T = (−∞, 0) ∪ K q . Then we give the n = 3 member and call it as the ∆-KdV system. We call it ∆-KdV equation, because the corresponding Lax operator is a second order ∆-differential operator. It involves two fields u and v, but the second field v can be expressed in terms of the first filed u. When T = R, this system reduces to the standard KdV equation. In Section 5, we consider the regulardiscrete time scales and introduce the algebra of shift operators on them and give the corresponding GD formulation for all such time scales. Here several examples are presented. We first generalize the examples of discrete systems on Z given in [2] (one field, two fields, and four fields examples in [2] ) to arbitrary discrete time scales. In all these examples when T = Z we get the discrete evolutions given in [2] . We construct the recursion operators of these systems on time scales. We also generalize the Frenkel's KdV system [3] introduced on K q to arbitrary discrete time scales and we construct its recursion operator. In this section, we finally give an example of the KP hierarchy on time scales. In Section 6, we give the standard way of constructing the conserved quantities of the integrable systems on time scales by introducing a trace form on the algebra of ∆-pseudo differential operators. The trace form introduced in this section reduces to the standard trace forms on R and Z. In Appendix we give the recursion operators of two four fields systems introduced in Section 5. We end up with a conclusion.
Time Scale Calculus
Time scale calculus is developed mainly to unify differential, difference, and q− calculus. A time scale (T) is an arbitrary nonempty closed subset of the real numbers. The calculus of time scales was initiated by Aulbach and Hilger [6] , [7] in order to create a theory that can unify and extend discrete and continuous analysis. The real numbers (R), the integers (Z), the natural numbers (N), the non-negative integers (N 0 ), the h-numbers (hZ = {hk : k ∈ Z}, where h > 0 is a fixed real number), and the q− numbers ( [2, 3] are real number intervals. In [6] , [7] Aulbach and Hilger introduced also dynamic equations on time scales in order to unify and extend the theory of ordinary differential equations, difference equations, and quantum equations [8] (h-difference and q -difference equations based on h-calculus and q-calculus,respectively). For a general introduction to the calculus on time scales we refer the reader to the textbooks by Bohner and Peterson [9] , [10] . Here we give only those notions and facts connected to time scales which we need for our purpose in this paper.
Any time scale T is a complete metric space with the metric (distance) d(x, y) = |x − y| for x, y ∈ T. Consequently, according to the well-known theory of general metric spaces, we have for T the fundamental concepts such as open balls (intervals), neighborhood of points, open sets, closed sets, compact sets, and so on. In particular, for a given number r > 0, the rneighborhood U r (x) of a given point x ∈ T is the set of all points y ∈ T such that d(x, y) < r. By a neighborhood of a point x ∈ T is meant an arbitrary set in T containing an r-neighborhood of the point x. Also we have for functions f : T → R the concepts of the limit, continuity, and properties of continuous functions on general complete metric spaces (note that, in particular, any function f : Z → R is continuous at each point of Z). The main task is to introduce and investigate the concept of derivative for functions f : T → R. This proves to be possible due to the special structure of the metric space T. In the definition of derivative, the so-called forward and backward jump operators play special and important roles. Definition 1. For x ∈ T we define the forward jump operator σ : T → T by
while the backward jump operator ρ : T → T is defined by
In this definition we put in addition σ(max T) = max T if there exists a finite max T, and ρ(min T) = min T if there exists a finite min T. Obviously both σ(x) and ρ(x) are in T when x ∈ T. This is because of our assumption that T is a closed subset of R. Let x ∈ T. If σ(x) > x, we say that x is right-scattered, while if ρ(x) < x we say that x is left-scattered. Also, if x < max T and σ(x) = x, then x is called right-dense, and if x > min T and ρ(x) = x, then x is called left-dense. Points that are right-scattered and left-scattered at the same time are called isolated. Finally, the graininess functions µ, ν : T → [0, ∞) are defined by
Let T κ denotes Hilger's above truncated set consisting of T except for a possible left-scattered maximal point. Similarly, T κ denotes the below truncated set obtained from T by deleting a possible right-scattered minimal point.
Definition 2. Let f : T → R be a function and x ∈ T κ . Then the delta derivative of f at the point x is defined to be the number f ∆ (x) (provided it exists) with the property that for each ε > 0 there exists a neighborhood U of x in T such that
for all y ∈ U.
is not uniquely defined, since for such a point x, small neighborhoods U of x consist only of x and besides we have σ(x) = x. Therefore (5) holds for an arbitrary number f ∆ (x). This is a reason why we omit a maximal left-scattered point.
We have the following: (i) If f is delta differentiable at x, then f is continuous at x. (ii) If f is continuous at x and x is right-scattered, then f is delta differentiable at x with
(iii) If x is right-dense, then f is delta differentiable at x iff the limit
exists as a finite number. In this case f ∆ (x) is equal to this limit.
Definition 3. If x ∈ T κ , then we define the nabla derivative of f : T → R at x to be the number f ∇ (x) (provided it exists) with the property that for each ε > 0 there is a neighborhood U of x in T such that
We have the following: (i) If f is nabla differentiable at x, then f is continuous at x. (ii) If f is continuous at x and x is left-scattered, then f is nabla differentiable at x with
(iii) If x is left-dense, then f is nabla differentiable at x if and only if the limit
exists as a finite number. In this case f ∇ (x) is equal to this limit.
If
for all x = 0, and
provided that this limit exists. Among the important properties of of the delta differentiation on T we have the Leibnitz rule: If f, g : T → R are delta differentiable functions at x ∈ T κ , then so is their product f g and
Also, if f, g : T → R are nabla differentiable functions at x ∈ T κ , then so is their product f g and
In the next proposition we give a relationship between the delta and nabla derivatives (see [11] ).
Now we introduce the concept of integral for functions f : T → R.
(22)
Open and half-open intervals etc. are defined accordingly. Below all our intervals will be time scale intervals
Example 3. Let a, b ∈ T with a < b. Then we have the following:
where the integral on the right-hand side is the ordinary integral.
xf (x) and
xf (x).
(29) The following relationship between the delta and nabla integrals follows from Definitions 5 and 6 by using Proposition 4.
From (16)- (21) and (30) we have the following integration by parts formulas: If the functions f, g : T → R are delta and nabla differentiable with continuous derivatives, then
For more general treatment of the delta integral on time scales (Riemann and Lebesgue delta integrals on time scales) see [12] and Chapter 5 of [10] .
Burgers Equation on Time Scales
The Gel'fand-Dikii approach is very effective in studying the symmetries, bi-Hamiltonian formulation, and in constructing the recursion operators of integrable nonlinear partial differential equations. In this approach one takes the Lax operator L in an algebra like a differential or pseudo differential algebra, a matrix algebra, a polynomial algebra, or the Moyal algebra. In this section we take L in the algebra of delta differential operators.
Let T be a time scale. We say that a function f : T → R is ∆-smooth if it is infinitely ∆-differentiable (and hence infinitely ∇-differentiable). By ∆ we denote the delta differentiation operator which assigns to each ∆-differentiable function f : T → R its delta derivative ∆(f ) defined by
The shift operator E is defined by the formula
for x ∈ T, where σ : T → T is the forward jump operator. It is convenient, in the operator relations to denote the delta differentiation operator by δ rather than by ∆. For example, δf will denote the composition (product) of the delta differentiation operator δ and the operator of multiplication by the function f . According to formula (16)) we have
Consider the N-th order δ-differential operator given by
where the coefficients a i (i = 0, 1, · · · N) are some ∆-smooth functions of the variable x ∈ T. These functions are assumed to depend also on a continuous variable t ∈ R, however, we will not (for simplicity) indicate explicitly the dependence on t.
Proposition 8. Let L be given as in (39) and
for n = 1, 2, · · · produces a consistent hierarchy of coupled nonlinear evolutionary equations.
Example 4. Burgers equation on time scale: Let L = v δ + u, where u and v are functions of x ∈ T and t ∈ R. Then for an appropriate operator A the Lax equation
defines a system of two differential equations for the functions u and v. We find the operator A by using the Gelfand-Dikii formalism. Let us start with the second power of L and assume A = (L 2 ) >0 , where
We can assume A = −(L 2 ) 0 (the part of −L 2 without the δ terms). With this choice, (41) gives
where
Equations (43) and (44) given above are not independent of each other. It is easy to see that v = µ u + λ, where λ is an arbitrary real function depending only on x ∈ T. Then these two equations reduce to a single equation, a Burgers equation on time scales,
Let us present some special cases: (i) When T = R then µ = 0 and δ = D, the usual differentiation. Hence we can let λ = 1 and (45) reduces to the standard Burgers equation on R.
where m ∈ hZ. The evolution equation given above in (46) represents a difference version of the Burgers equation. (iii) Let T = q Z , where q = 1 and q > 0. Then we have µ(x) = (q − 1)x and f
and taking λ = 0 we get from (45)
Taking A n = −(L n ) 0 with L given as in Example 4 we get a hierarchy of evolution equations (Burgers hierarchy on time scales) from
where the first three ρ n are given by
The above hierarchy reduces to a single evolution equation with v = µ u + λ:
whereρ n is equal to ρ n with v = µ u + λ. When T is regular-discrete time scale, the first threeρ n are given for λ = 0 bỹ
It is possible to construct the recursion operator R by using the Lax representation [13] . The hierarchy satisfies a recursion relation like
where R n is the remainder operator which has the same degree as the Lax operator L. We shall construct this operator for the Burgers equation with λ = 0 on regular-discrete time scales. Choosing R n = α n δ we get (by choosing v(x) = µ(x) u(x))
One can generate the hierarchy (54) by the application of the recursion operator R to the lowest order symmetry
Algebra of Pseudo Delta Differential Operators on Regular Time Scales
Let us define the notion of regular time scales.
Definition 9. We say that a time scale T is regular if the following two conditions are satisfied simultaneously :
where σ and ρ denote the forward and backward jump operators, respectively.
From (61) it follows that the operator σ : T → T is "onto" while (62) implies that σ is "one-to-one". Therefore σ is invertible and σ −1 = ρ. Similarly, the operator ρ : T → T is invertible and ρ −1 = σ if T is regular. Let us set x * = min T if there exists a finite min T, and set x * = −∞ otherwise. Also set x * = max T if there exists a finite max T, and x * = ∞ otherwise. It is not difficult to see that the following statement holds. If f : T → R is a function we define the functions f σ : T → R and
Defining the shift operator E by the formula E f = f σ we have
Inverse E −1 exists only in case of regular time scales and is defined by
In the operator relations, for convenience, we will denote the shift operator by E rather than by E. For example, E f will denote the composition (product) of the shift operator E and the operator of multiplication by the function f . Obviously, for an integer m ∈ Z, we have
Remember that δ denotes the delta differentiation operator acting in the operator relations by δf = f ∆ + E(f )δ. The following proposition is an immediate consequence of the the formulas (8), (16).
Proposition 11. The operator formulas
hold, where the function µ : T → R is defined by µ(x) = σ(x) − x for all x ∈ T.
In this section we will assume that all our considered functions from T to R are ∆-smooth and tend to zero sufficiently rapidly together with their ∆-derivatives as x goes to x * or x * , where x * = min T if there exists a finite min T and x * = −∞ otherwise, x * = max T if there exists a finite max T and x * = ∞ otherwise. The inverse operator δ −1 exists on such functions. If g : T → T is such a function, then
Proposition 12. Let f : T → R be a ∆-smooth function such that f and all its ∆-derivatives vanish rapidly at x * and x * . Then the operator ∆ −1 f being the composition (product) of δ −1 and f has the form of the formal series in powers of δ
where α 0 = E −1 f , and α k = (−1)
Proof. Multiplying (68) on the left and right by δ −1 we obtain
Replacing here f by E −1 f we get
Further, applying this rule to the function (E −1 f ) ∆ and taking into account that by Proposition 4(i)
we find
Substituting this into the second term on the right-hand side of (72) we obtain
Continuing this procedure repeatedly we arrive at the statement of the proposition.
Definition 13. By Λ we denote the algebra of pseudo delta differential operators. Any operator K ∈ Λ of order k has the form
where a ℓ 's are ∆-smooth functions of x ∈ T. For K given by (76) we will use the following notations:
a ℓ δ ℓ , and
As an example we let
where a i (i = 0, 1, · · · , N) are some ∆-smooth functions on T. Then we have
Proposition 16. Let L be given in (78). For each fixed N the Lax equation
dL dt n = [A n , L], A n = (L n N ) ≥0 ,(79)for n = 1, 2
, · · · not divisible by N, produces a (consistent) hierarchy of evolution equations (a KdV hierarchy on time scales) .
Proof. 
where u and v are ∆-smooth functions. It is straightforward to find that
Choosing n = 1, 3, · · · we get the members of the KdV hierarchy.
(1). Let n = 1. Then Lax equation (79) becomes
and gives coupled equations for u and v
Comparing the above equations we get
and therefore
where λ is an arbitrary real function depending only on x ∈ T. Thus, two equations (87) and (88) reduce to the following single equation
where α 0 is expressed, according to (83), from
If we take λ = 0, then (91) and (92) become
We shall now give α 0 , for illustration, for different cases:
(i) In the case T = R we have µ = 0 and (94) gives α 0 = 0 and (93) becomes
which is a linear equation explicitly solvable:
where ϕ is an arbitrary differentiable function.
(ii) In the case T = Z we have µ = 1 and (94) is satisfied by
and therefore the equation (93) becomes
for n ∈ Z.
(iii) In the case T = K q we have µ(x) = (q − 1)x and (94) is satisfied by α 0 (0) = 0 and
for x ∈ K q and x = 0. Substituting (99) into (93) we can get an evolution equation for u.
Z . The equation (94) is satisfied by the function α 0 given by
Therefore (93) will yield an evolution equation coinciding on (−∞, 0] and q Z with the evolution equations described in the examples (i) and (iii), respectively. Now an essential complementary point is that the solution u must satisfy at x = 0 the smoothness conditions
(2). Letting n = 3, first we get L 3/2 = δ 3 + p δ 2 + q δ + r + (terms with negative powers of δ)
and the Lax equation
gives the coupled equations for u and v
As in the first member of the hierarchy (n = 1 case), the above ∆-KdV equations reduce to a single equation for the function u. Below in Corollary 23 we found that v = µ(x)u + λ(x). Letting λ = constant we get
It is possible to write the above equation more explicitly in terms of u for T = R, T = Z, and for T = K q but they are quite lengthy. For the discrete case we give a KdV hierarchy in Example 8, next section.
Shift Lax Operators on Regular-Discrete Time Scales
Let T be a time scale. Let us set x * = min T if there exists a finite min T and x * = −∞ otherwise. Also set x * = max T if there exists a finite max T and x * = ∞ otherwise. We will briefly write x * = min T and x * = max T.
Definition 17. We say that a time scale T is regular-discrete if the following two conditions are satisfied: (i) The point x * is right-dense and the point x
The shift operator E is defined on functions f : T → R by the formula
where σ : T → T is the forward jump operator.
In this section we deal only with regular-discrete time scales T. For such time scales T we have
and, therefore, on functions given on T\{x * , x * } we have the operator relationship
All our functions will be assumed to be defined on T\{x * , x * } and tends to zero sufficiently rapidly as x goes to x * or x * . This shift operator E, should be quite useful in the application of the Gel'fand-Dikii formalism. The reason is that for any integer m we have the simple product rule
Hence, for regular-discrete time scales, we can define an algebra of E operators.
Definition 18. An algebra , Λ ǫ , of E operators satisfying the operator equation (113) is defined as follows: Any operator K in Λ ǫ with degree k is of the form
where a ℓ are functions of x ∈ T that depend also on t ∈ R.
Hence we can form Lax operators in Λ ǫ , and produce integrable equations on regular-discrete time scales. Following [2] we obtain two classes of Lax representations.
Proposition 19. The Lax equation
produces consistent hierarchy of equations for ℓ = 1, 2, · · · with the following suitable Lax operators
for k = 0 and k = 1 respectively. Here u i and v i are functions defined on T and the integer α is restricted to satisfy the inequality −n < α ≤ −1.
Example 6. Two field equations. Let k = 0, α = −1 and
Then we find
This is a Toda hierarchy on discrete time scales. The recursion relation between the n + 1-th and n-th elements of the hierarchy is given by
From this recursion relation the recursion operator of the hierarchy follows Example 7. Four-field system on time scale. We give two examples which are studied in [2] for the case T = Z. 1. Let k = 0 and α = −2 and
Then we get the four-filed equations ℓ = 1 dp
2. Let k = 1 and α = −2 and
Then we get another four-filed equations
So far we considered the hierarchies coming from Proposition 19 with integer powers of the Lax operators. Now we consider the rational powers of the Lax operator.
Proposition 22. Let
where w(x) is a function of x which is not a dynamical variable dw/dt = 0,
produces hierarchies of integrable systems. Here n is a positive integer not divisible by N. Furthermore the function u 0 is also not dynamical, i.e., u 0 = u 0 (x), not depending on t.
Corollary 23 . When N = 2 and w =
) then the ∆-KdV Lax operator (81) reduces to the above form with In the following example we study the N = 2 case in more detail.
Example 8.KdV on discrete time scales. Let
Then
where first three α i are given as
Then we calculate L 3/2 by
Then (138) with N = 2 produces a hierarchy of evolution equations. It turns out that v becomes a constant in the whole hierarchy. We give the first two members of the hierarchy (for n = 1 and n = 3):
where p 0 is given above. The next members of the hierarchy can be found by taking n = 5 in (138) or by applying the recursion operator R to u t 3 . For T = K q and w = 1 the above hierarchy and its Hamilton formulation were given by Frenkel [3] . The recursion operator of this hierarchy with w = 1 can be found by using (58) with R n = α n E + β n . We find that
and the equation which determines the recursion operator is
We find that
When the Lax operator is of degree one and has an infinite power series in operator E −1 the corresponding system is called the KP hierarchy.
Proposition 24. Let
produces the following hierarchy 
where α 0 = (E + 1)u 1 + (u 0 ) 2 and α 1 = (E + 1)u 0 . The case T = Z of this hierarchy is discussed in [2] (see also the references therein) and the case T = K q is discussed in [3] and [4] .
Trace Functional and Conservation Laws
Let T be a regular time scale and Λ be the algebra of pseudo delta differential operators. Any operator F ∈ Λ of order k has the form
where a ℓ 's are ∆-smooth functions of x ∈ T (they are also functions of t ∈ R). The coefficients a 0 and a −1 we call respectively the free term (zero order term) and the residue of F associated with its "δ-expansion" (165) and write
In case of regular-discrete time scales T we have
and therefore the same operator F can be expanded in series with respect to the powers of E of the form
We write
Substituting (167) and
into (165) and taking into account that
we find that
Definition 25. The trace of an operator F ∈ Λ is defined by
where the nabla integral is defined according to Section 2.
Proposition 26. Let F be given as in (165) . In case of regular-discrete time scales we have
for x ∈ T \ {x * , x * }, where x * = min T and x * = max T. Therefore in this case
Proof. Since I + µδ = E we have, by using (172) and (168),
Proposition 27. For all
in other words the pairing (
We prove (177) only for particular cases of time scales T. They indicate a way to the proof in the general case of regular time scales.
and
It is well known that (for example, see [2] ) for such functional T r(F ) the statement (177) holds.
(ii). Let T be a regular-discrete time scale. Then by Proposition 26 we have
(180) It is enough to check (180) for monomials F 1 = AE k and F 2 = BE ℓ . By the use of the property (113) of E we have
Therefore F ree E [F 1 , F 2 ] is either zero or
where Φ(A, B) = (E k + E k−1 + . . . + E + I)(E −k A)B. Hence 
where A and B are ∆-smooth functions on T. Hence they are continuous at x = 0.
Proposition 28 Equation (79) implies that
for all k = ℓ N , where ℓ is any positive integer.
Propositions 27 and 28 imply the next Proposition
Proposition 29. For all ℓ = 0, 1, · · · the functionals
are common constants of motion for the hierarchy (79) and (115).
Conclusion
We have developed the Gel'fand-Dikii approach to time scales. So far the integrable systems were studied on R, Z or on K q . Here we gave a unified and extended approach. In particular cases when T = R, Z, K q we find several examples of the integrable systems. We developed the algebra of ∆-pseudo differential and E-shift operators. We established the GD formalism on these algebras and introduced several Lax representations on these algebras. All these Lax representations are straightforward generalizations of the Lax representations on pseudo differential algebras of integrable systems on R and the Lax representations of the algebra of shift operators on Z. The Burgers and KdV hierarchies on time scales that we found are the special cases of these Lax representations. We also generalized the Frenkel KdV hierarchy introduced on K q to discrete time scales. We constructed the recursion operators of each example considered in this paper and gave a way of constructing the constants of motions by introducing an appropriate trace form on time scales.
q n+1 =vq n +wE(w n ) +q(1 + E 2 )v n + (E 2 (v) −v)q(E 2 − 1)
v n+1 = E −2 (q n ) +ūE −1 (w n ) + (E −1 (w) −wE 3 )(1 − E 2 ) −1ū n +vv n + (E(ū) −ūE −1 )ζ n + (1 − E 2 )q(E 2 − 1)
wherē ζ n = (qE 2 −E(q)) −1 [qE 2 (w n )+(E 2 (w)qE −wE(q))(E 2 −1)
From the recursion relations obtained in both cases, we can construct the recursion operators of the hierarchies.
